We study the optical Quantum Transition Line Shapes (QTLS) which show the absorption power and the Quantum Transition Line Widths (QTLW) of electron-deformation potential phonon interacting systems. In order to analyze the quantum transition, we compare the magnetic field dependencies of the QTLW and the QTLS on two transition processes, namely the intra-Landau level transition process and the inter-Landau level transition process. We apply the Quantum Transport theory (QTR) to the system in the confinement of electrons by square well confinement potential. We use the projected Liouville equation method with Equilibrium Average Projection Scheme (EAPS). 
Introduction
We apply the Quantum Transport theory (QTR) to the system in the confinement of electrons by square well confinement potential. The research of the QTR is very important for investigation of the microscopic phenomena of many body systems. There are many theories regarding this topic in various methodologies, such as the Boltzmann transport theory [1] [2] [3] , the Green's function approach [4] [5] [6] [7] [8] [9] , the force-balance approach [10] , Feynman's path-integral approach [11] [12] [13] [14] [15] and the projection operator approach [16] [17] [18] [19] [20] [21] [22] . Despite the fact that all these methodologies are quite reasonable, the investigation of non-linear behavior has been limited. However, for a more acceptable interpretation of the transport behavior of electrons which are subject to strong electric fields, the non-linear effect should be taken into account.
Alternatively, in similar methodologies by Zwanzig [23, 24] , by directly using a projection operator on the Liouville equation, Kenkre's group suggested a response function which contains Kubo's theory as the lowest-order approx-imation [23] [24] [25] [26] [27] [28] . Although this theory contains nonlinear factor in the propagator, it is difficult to expand this term since it is contained in the exponent.
The study of the quantum transport theories based on the projected Liouville equation method provides a useful tool for investigating the scattering mechanism of solids. Using the projected Liouville equation method with the Equilibrium Average Projection Scheme (EAPS), we have suggested a new quantum transport theory of linear-nonlinear form [29] . The merit of using EAPS is that the generalized susceptibility and scattering factor can be obtained in a one step process by expanding the quantum transport theory. In addition, the analysis of the magnetic field dependence of the QTLW is very difficult in alternative theories or experiment, because the absorption power in the various external field wavelengths is required to be calculated or observed... The QTR theory of EAPS is advantageous in this respect as it allows the QTLW to be directly obtained, through EAPS, in the various external field wavelengths. In short the calculation of the absorption power is not required to obtain the QTLW [30, 31] .
In this work, we study the optical QTLS which show the absorption power and the QTLW which show the scattering effect of an electron-deformation potential phonon interacting system . Through numerical calculation, we analyze the magnetic field dependence of the QTLS and the QTLW in various cases. In order to analyze the quantum transition process, we compare the magnetic field dependence of the QTLW and the QTLS of two transition processes, namely the intra-Landau level transition process and the inter-Landau level transition process. We also analyze the magnetic field dependence in various cases. The analysis of various cases would prove problematic in alternative theories since they require the calculation of the absorption power to obtain QTLW. However, we can obtain the QTLW directly through the theory of EAPS.
The brief review of the theory of EAPS and the system
For the brief review of the quantum transport theory of EAPS, we consider a many body system which is subject to an oscillatory external field ( ) = − ω ˆ whereˆ is the unit vector in the external field direction ( = etc.) and ω is the angular frequency. Then the Hamiltonian H( ) and the corresponding Liouville operator L( ) are given by
and
where H and L are time-independent. The timedependent Hamiltonian is defined as
The Liouville operator L corresponds to the response operator in the direction , which implies that L X ≡ [ X ] for an arbitrary operator X . H represents the Hamiltonians of the main particles, the background particles and the interaction Hamiltonian between the main particles and background particles. We consider the initial condition of the Quantum Statistic Mechanical (QSM) system to the equilibrium density ρ ≡ ρ(0) ≡ exp(−βH )/Tr exp(−βH ), which is determined by the equilibrium energy of the system. We also consider ρ as the time evolution density that is caused by the external field. For this case, the density matrix of the system is ρ( ) = ρ +ρ ( ). We define the expectation value of the dynamic variable of the system as ( ) = Tr{ ρ( )}, for the arbitrary dynamic variable in the -direction. To obtain ( ), we define the projection operator to derive the useful response formula as P X ≡ B Tr{ X }, where is the time independent operator corresponding to the expectation of the dynamic variable ( ). Thus we can write the dynamic variable as ( ) = (1/B )(P ρ( )) with the direction of the projection operator, B ≡ L ρ /Λ , where the normalization factor is Λ ≡ Tr{ L ρ }. In the procedure described by of EAPS [29] , we derive the kinetic equation of the expectation value of the dynamic variable in the existing external field and then, through the Fourier-Laplace transform of a time-dependent function X ( ), which is defined as
we obtain the linear response formula in the energy space (ω-space) as
where
Q ≡ 1 − P and the propagator, G (ω ) is
Eq. (3) appears to be similar to that derived by Hu and O'Connell [4] [5] [6] [7] using a quantum Langevin approach. However the scattering factor function, Eq. (4) 
and we obtain the eigenstate of the system, as below, where the plane wave is given byφ ( ) ≡ exp( ), and the explicit function is given bỹ 
where κ α and α (the quantization condition for the zdirection components of the electron wave vector of κ and ) are obtained by solving the simultaneous equations κ = − cot 0 and κ + = 2 * U 0 /¯ , with the conditions 0 < κ and 0 < . Here the square well confinement potential U( ) ≡ U 0 is a constant potential in the region 0 < < 0 , and
. The values of the normalization factors are subject to change in other systems. We obtain the corresponding eigenvalue as
is the -directional size of the system. If we consider a many body system which is subject to circularly polarized oscillatory external fields E + ( ) = E 0 exp( ω ) where ω is the angular frequency then , using 
Ge in cases P(B) with γ(T ) L , P(B) with γ(T ) L and P(B) with γ(T )
L , with λ=220, 394 and 513 µm at T =30 K. We derive the Hamiltonian of the system of the electron- phonon interacting system as
Coulomb gauge E( ) = −∂ A( )/∂ , the total Hamiltonian of the system is H(
where H is Hamiltonian of the electrons, 0 is a single electron Hamiltonian, H P is the phonon Hamiltonian and V is the electron-phonon (or impurity) interaction Hamiltonian, the 1 ( + 2 ) and 1 ( + 2 ) are the annihilation operator (creation operator) of fermion and boson particles, and is phonon (or impurity) wave vector. C α µ ( ) is the coupling matrix element of electron-phonon interaction C α µ ( ) ≡ V α| exp( · )|µ , is the position vector of the electron and V is the coupling coefficient of the materials. The electron-deformation potential phonon interaction parameter V in the isotropic interaction formalism is given
whereK is the electromechanical constant and χ is the dielectric constant. Since the long wavelength approximation ω ≈ is suitable for describing deformation potential materials, we use Kubo's approximation for phonon energy¯ ω ≈¯ , where is sound velocity in a solid.
The absorption power formula and the scattering factor function
We suppose that an oscillatory electric field E( ) = E 0 exp( ω ) is applied along the -axis, which gives the absorption power delivered to the system as P(ω) = (E 2 0 /2) e{σ (ω)}, where " e" denotes the real component and σ (ω) is the optical conductivity tensor which is the coeffitient of the formula. Here the absorption power represents the optical QTLS, and the scattering factor function represents the optical QTLW. In order to apply the linear response formula to optical quantum transition systems in a right circularly polarized external field (RCF), we replace with
for the current system under an oscillating external field of frequency ω. We obtain the Ohmic right circular current from the response formula,
Using the properties of the projection operator and the conventional series expansion of the propagator G (ω ) [discussed further in Appendix A], we obtain the scattering factor as a simple form with a weakly interacting system approximation in pair interacting system, as below,
where the diagonal propagator is G = 1/(¯ ω − L ). Here we use the relation [30, 31] ,
where · · · denotes the ensemble average of electron states.
In this work, we use a more rigorous interacting Hamiltonian commutative calculation with the moderately weak coupling (MWC) given by
Using the above relations, we obtain the matrix elements of electron-phonon interacting system [Appendix B]. The scattering factor function Ξ (ω ) is complex as Ξ (ω ) ≡ ∆ + γ (ω). In most cases, the imaginary component of the scattering factor, ∆ ≡ I Ξ (ω ), gives the line shift of the response type formula and the real component of the scattering factor, γ (ω) ≡ R Ξ (ω), gives the half width of the response type formula. In the majority of cases the imaginary component of the scattering factor ∆ is neglected in a real system as a small vale term. Then, through continuous approximation [Appendix C], in the right circularly polarized external field system we obtain the final derivation of the absorption power formula (or the QTLS formula) as,
where the scattering factor function (or QTLW) is given by
The integrand-factors Y (R)∓ α β are complex, and are expanded in Appendix C.
Analysis of the QTLS and the QTLW and concluding remarks
Through eV/K and ξ = 235 K . The widely accepted value of the deformation potential coupling parameter is used. We use E 1 = 13 2 eV for Ge and use E 1 = 7 0 eV for Si. Inserting these constants into EAPS theory we obtain the line shapes, from which the line width can be measured. Inserting these constants into Eqs. (13)- (14) yields the line shapes from which the line width can be measured.
In Fig. 1 the relativity frequency (∆ω) dependence of the absorption power (QTLS), P (J ) (∆ω) of Ge, with λ=220, 394, 513 µm at T =30 K can be observed. From the graph of P (J ) (∆ω), we can see the broadening effects near the resonance peaks for various external fields. The graph in the small box indicates the locations of resonance peaks for external fields and the magnetic-field dependence of the maximum absorption power. The analysis of the relativity frequency (∆ω) dependence of the absorption power (QTLS) represents the magnetic field dependency of the absorption power, which is given by the external field wavelength and the condition of the system.
In Fig. 2 we obtain the magnetic field dependence of the QTLW, γ(B) of Ge, at T =30, 40, 50, 55, 60, 70, 75, 80, 90 and 120 K. The result also provides a reasonable explanation of the directional characteristics of electron motion, which is given by the magnetic field direction and the condition of the system. We see that the γ (J ) (B) term increases as the magnetic field increases at the majority of the temperatures measured. The analysis of the mag-netic field dependence of the QTLW is very difficult in other theories or experiment, as calculation or observation of the absorption power in the various external field wavelengths is required. The QTR theory of EAPS has an advantageous aspect as it allows the QTLW to be directly obtained, through EAPS, in the various external field wavelengths Therefore calculation of the absorption power is not required to obtain QTLW [30, 31] . In order to analyze the quantum transition process for the case of the RCF, we denote the total QTLW as
L are the QTLW of the total phonon emission and absorption transition processes respectively.
are the QTLW of the intra-level emission transition, inter-level emission transition process, the intra-level absorption transition and inter-level emission absorption, respectively. In Fig. 3 
comparisons of the magnetic field dependence of QTLW, γ(B)
, γ(B) L and γ(B) L of Ge, at T =30 K are given. We see that the γ(T )
L term increases as the magnetic field increases. We also see that the intra-level emission transition process is a more dominant contributor to the scattering effect than the intra-level transition process, as the γ(T ) (J ) L value is closer to γ(T )
. The analysis of the contributions of the two processes to the total scattering effect represents the characteristic of the magnetic field dependence of the scattering effect of the system. The contributions of the two processes can be also observed in various cases in various systems.
In this work, our result show that values of QTLW are
. The results bear similarities to the temperature dependence of the scattering effect in Fig. 3 . In Fig. 4 , we also compare the QTLS, P(B) of Ge with the γ (J ) ,P(B) with γ(T ) (J )
L and P(B) with γ(T ) (J )
L . Since the value of the scattering effect is inversely related to the broadening of the power absorptions, we see a good agreement between γ(T ) with λ=220, 394 and 513 µm, at T =30 K (Fig. 3 ) and the broadening of the power absorptions P(B) (Fig. 4) . We also see in these analyses that the more dominant broadening effect of Ge is the phonon intra-level emission process in the quantum limit low temperature region. Our results also indicate that the QTR theory of EAPS has the potential to explain the quantum transition in various cases.
In Fig. 5 we compare the temperature dependence of the QTLW of Ge and Si, The result shows that the temperature dependence of the QTLW of Ge is larger than that of Si in the majority of cases investigated.
In conclusion, we wish to emphasize that our EAPS theory provides a simpler methodology for the analysis of the various cases presented here than competing theories, due to the reduced number of calculatory steps required by EAPS. The EAPS theory enables for separat ion of the line widths in terms of each quantum transition for various cases. The straightforward analysis of each quantum transition processes are the merits of our EAPS theory. Finally, we expect that the EAPS theory is also useful in other condensed material systems.
Appendix A: Expansion of the propagator G (ω )
We suppose that a linearly polarized electric field E( ) = E 0 exp(+ ω ) is applied along the -axis and using Coulomb gauge E( ) = −∂ A( )/∂ . In order to obtain the dynamic variables in real system, we must calculate the scattering factor function, Eq. (10), which are contained in Eq. (9) . We replace with J =˜
) 1/ 2 0 for the current system under an oscillating external field of frequency ω . We can divide the scattering factor function into four terms as
and where L (L ) is the Liouville operator of the diagonal (non-diagonal) Hamiltonian. Using the properties of the projection operator, we obtain the relations for an arbitrary operator X as
Then, the first term I and the third term III reduce to zero and
which gives the second term II reduce to zero. Here · · · B is the ensemble average of background particle states (for example, phonon or impurity state). Since the average of odd background terms are zero, we use the useful relation as below,
Using the conventional series expansion method, we expand the propagator G (ω ) as
In the weakly interacting system of the pair interacting system, we use the approximation G (ω ) ≈ G , where the diagonal propagator is
, and we use the relation [12] ,
Here · · · is the ensemble average of electron states. Thus, with weakly interacting system approximation in a pair interacting system, the scattering factor can be reduced to a simple form, as below,
Appendix B: Elements of matrix of scattering factor functions
In this work, we have used a more rigorous calculation with moderately weak coupling (MWC) interaction scheme in order to calculate the interacting Hamiltonian commutator, as,
and using the ensemble average relations 
Using the above relations, we obtain the Ohmic current and the matrix elements of the scattering factor function of RCF, as below,
= ω , and the matrix elements of the scattering factor function of electron-phonon interacting system are
N β δ β α−1 and the phonon distribution ( ) components areÑ
In the MWC scheme, the distribution component can provide an adequate explanation of the quantum transition processes. We can rearrange the distribution parts of the first term of Ξ (R) (ω )as,
The In the case of an electron-phonon interacting system, in order to expand the propagator we use Kubo's approximation for phonon energy as,¯ ω ≈¯ =¯ 
Utilizing the relations, 
The other propagator terms can be expanded by a similar procedure. The integration of the delta function expansion of the propagator represents energy conservation and gives a simplified calculation result for numerical analysis. In continuous approximation, the interaction matrix part in SQWP system are as below,
and, if N α < N β and N κ < N λ , the K -matrix is
where the Legandre function is L ( ) = ( !) 
The scattering factor functions of right (or left) linear polarization term, Ξ
(ω ) is complex as, Ξ (R) (ω ) = ∆ (R) + γ (R) (ω ). In most case, the imaginary component of the scattering factor, ∆ (R) ≡ mΞ (R) (ω ) are neglected in a real system as a small vale term. We represent the final result in compact form based on the systematic structure of the calculating procedure. Then, through continuous approximation, we obtain the final derivation of the integrand of the scattering factor of Eq. (14) is
here terms of electron-phonon interacting parts are The result of this work is more rigorous calculation than that conducted previously and can be applied directly to numerical analysis through double wave vector integration. The result of this work contains quite different forms of the distribution function compared with other theories .
